LOW REGULARITY GLOBAL WELL-POSEDNESS FOR THE 
ZAKHAROV AND KLEIN-GORDON-SCHRODINGER SYSTEMS 



JAMES COLLIANDER, JUSTIN HOLMER, AND NIKOLAOS TZIRAKIS 

Abstract. We prove low-regularity global well-posedness for the Id Zakharov sys- 
tem and 3d Klein-Gordon-Schrodinger system, which are systems in two variables 
—> C and n : Wj. x — > R. The Zakharov system is known to be 
locally well-posed in {u, n) £ x H^^^^ and the Klein-Gordon-Schrodinger system 
is known to be locally well-posed in {u,n) £ x L^. Here, we show that the 
Zakharov and Klein-Gordon-Schrodinger systems are globally well-posed in these 
spaces, respectively, by using an available conservation law for the norm of u 
and controlling the growth of n via the estimates in the local theory. 



1. Introduction 

The initial-value problem for the one-dimensional Zakharov system is 

{idtU + d^u = nu 
din - din = dl\u\' 
u{x, 0) = 'Uo(x), n{x, 0) = rio(x), dtn{x, 0) = ni{x). 

Here u : [0,T*) x R \ — > R,n : [0,T*) xR \ — ^ R. This problem arises in plasma 
physics. Sufficiently regular solutions of p.lj) satisfy conservation of mass 

(1.2) M[u]{t) = j \u{t)\^dx = j \ua\^ dx = M[uo\ 
and conservation of the Hamiltonian 

(1.3) H[u,n,v]{t) = j {\d^,u{t)\'' + \n{tf + n{t)\u{t)\'' + \v{tf) dx 

= H[uo,no,Uo] 

where i^(t) is such that dtu = d^v and dtv = dx{n + \u\'^)- 

The local-in-time theory in Xg^b spaces has been established in j^, JU], the latter 
paper obtaining local well-posedness (LWP) for the one- dimensional equation (jl.lj) 
with (mq, no, ni) G L^xif~^/^xi^~^/^ and for some more regular spaces H^xH^xH^^^ 
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with various^ k, s. As an immediate consequence of the local theory and p.2|) . p.3p . 
one has global well-posedness (GWP) for A; = 1, s = 0. Pecher [TSj, using the low- 
high frequency decomposition method of Bourgain 0, proved GWP for ^ < < 1, 
s = 0. This result was improved in [Tf] using the /-method of [7j to obtain GWP for^ 
|<A;<l,s = fc — 1. The preceding GWP results are all based on the conservation 
of the Hamiltonian ()1.3|) or certain variants of the Hamiltonian. In this paper, we 
prove GWP for A; = 0, s = — ^, using a scheme based on mass conservation ()1.2j) 
and subcritical slack in certain multilinear estimates at this regularity threshold. In 
it is shown that the one-dimensional LWP theory of JU] is effectively sharp by 
adapting techniques of [^^ and JB]- Thus, we establish GWP in the largest space for 
which LWP holds. 

Theorem 1.1. The Zakharov system fll.l|) is globally well-posed for {uo,nQ,ni) G 
X H^^/"^ X H^^/"^ and the solution {u,n) satisfies ()1.2|) and 

||n(t)|| 1 + \\dtn{t)\\ 3 < exp(c|t| llwollia) max(||no||^_i + ||^_3 HuoHia) 

Remark 1.2. Since Theorem \1.1\ is based on the mass conservation property (|1.2j) 
and the local theory, the same result applies to certain Hamiltonian generalizations of 
(11.111 for which global well-posedness was previously unknown. Indeed, if we write 

H[u,n,u]{t) = j \dMt)? + '^\nm' + ^Ht)? + iri(t)\u{t)\^dx 

and calculate 
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we find the evolution system 

idtu + d^u = jnu 
d^n-a(3dln = (3'ydl\u\^. 

If we then choose a = (3 = —1 and 7 = —1, we encounter a Hamiltonian evolution 
problem similar to p.lj) but with +nu replaced by —nu. The local theory for these 
problems coincides but the appearance of a = j3 = —1 in the Hamiltonian H precludes 
its use in obtaining a globalizing estimate. 

^The paper ^U] actually gives a systematic treatment of LWP for higher dimensional versions of 
as well. Their result in dimension one uses the calculus techniques for obtaining Xs.b bilinear 
estimates developed by Kenig, Ponce and Vega CH- The only LWP result in [I^ when k — 
is for dimension one, s = and thus we have restricted exclusively to this case. 

^Although the additional assumption ni e H^^ appears in the papers JHI and JTj, it can likely be 
removed by introducing suitable low frequency modifications to the energy identity; see |S] Lemma 
A.l p. 358. 
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The initial- value problem for the d- dimensional Klein-Gordon-Schrodinger system 
with Yukawa coupling is 

{idtU + Au = -'jnu x eR'^,teR 

dfn + ap{l - A)n = -Pj\u\'^ 
u{x, 0) = Uo{x), n{x, 0) = no{x), dtn{x, 0) = ni{x). 

Here a, /3, 7 are real constants. The solution satisfies conservation of mass 

(1.5) M[u]{t) = j \u{t)\^dx = j \uo\^ dx = M[uq] 
and conservation of the Hamiltonian 

H[u,n,v]{t) = j (^|V^t)P + ^|5,n(t)r + ||v/=ATTn(t)|2 + 7n(t)Kt)r) dx 

(1.6) = H[uo,nQ,VQ\. 

Pecher proved that (jl.4j) is LWP for li = 3 in x x and some more 
regular spaces x H'^ x H^~^ for various /c, s by following the scheme developed for 
the Zakharov system in ^U]. Provided that a > and /5 > 0, energy conservation 
p.6|) yields GWP in the setting 1 < d < 3 and A; = 1, s = 1. In the case when a > 
and /? > where the energy gives control on the norm, the low-high frequency 
separation method of Bourgain ^ has been applied to ()1.4|) in [15] and the method 
of almost conservation laws of [T has been applied to ()1.4|) in |2I], to obtain GWP 
under the following assumptions: for = 1, A; = s, s > |; for ci = 2, = s, s > 
for (i = 3, = s, s > for d = 3, fc, s > A; + s > |. Moreover, in each of these 
cases, a polynomial in time bound is obtained for the growth of the norms. In this 
paper, we prove GWP for (i = 3, = s = 0, by a scheme involving ()1.5j) and direct 
application of the Strichartz estimates for the Schrodinger operator and Minkowski's 
integral inequality applied to the Klein-Gordon Duhamel term.^ 

Theorem 1.3. The Klein-Gordon-Schrddinger system ()1.4|) in dimension d = 3 is 
globally well-posed for {uo,no,ni) ^ x x . Moreover, the solution {u,n) 
satisfies p.5|l and 

(1.7) ||r2(t)||L2 + \\dtn(t)\\H-i < exp(c|t| ||no||i2) max((||r2o||L2 + ||ni||^-i), 11^011^2). 

Remark 1.4. In the case where a < and P < 0, global well-posedness of ()1.4j) for 
large smooth data was previously unknown. Since our proof of Theorem M.^ is based 
on the conservation of \\u{t)\\i,2, we do not require any Sobolev norm control obtained 
from the Hamiltonian and obtain global well-posedness for this case as well. 



■^Similar results hold for d = 1, d = 2, although for expositional convenience, we have restricted 
to the most delicate case d — 3. 
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The proof of both Theorem II . 1 1 and II .31 apply essentially the same scheme, although 
invoke a different space-time norm in the local theory estimates. 

1.1. Outline of method. We describe the globalization scheme for the Zakharov 
system and the Klein-Gordon-Schrodinger system using the abstract initial value 
problem posed at some time t = Tj 

{Ku = F{u,n) 
Ln = Giu) 
{u,n){Tj) = {uj,nj). 

Here K and L are linear differential operators of evolution type, F is a nonlinear term 
coupling the two equations together and G is a nonlinear term depending only upon u. 
The fact that G does not depend upon n is used in our scheme. Let W{t)nQ denote 
the linear group W{t) applied to initial data uq solving the initial value problem 
Ln = 0,?T,(0) = uq. Similarly, let S(t)uo denote the solution of Ku = 0,m(0) = uq. 
We denote with Wtiq + L~^g the solution of the linear initial value problem Lu = 
g, n{0) = hq. Similarly, Suq + K~^g denotes the solution of Ku = g, u{0) = uq. 

We solve the second equation in our system to define n in terms of the initial data 
Uj and u 

(1.9) n = Wrij + L-^G{u) 

and insert the result into the solution formula for u to obtain an integrodifferential 
equation for u 

(1.10) u = Suj + K-^F{u, Wnj + L-^G{u)). 

Local well-posedness for problems of the form p.8|l often follows from a fixed point 
argument applied to ()1.1()|1 . The fixed point analysis is carried out in a Banach space 
-^[rj,Tj_i] of functions defined on the spacetime slab [Tj,Tj+i] x M°'. The initial data 
are considered in function spaces having the unitarity property with respect to the 
linear solution maps 

(1-11) ||W'(^)'^o||>v = ll^ollw, \\S{t)uQ\\s = \\uq\\s, ^ t, 

and X]^Tj,Tj+^] C C([Tj, Tj+i]; 5). For the applications we have in mind, the length of 
the time interval Aj := | [T,-, T^+i] | is chosen to be small enough to prove a contraction 
estimate and the smallness condition is of the form 

Aj < min(||Mj||~^, \\nj\\^) 

for certain 7, /? > 0. 

Suppose that ||M(t)||5 = \\uq\\s for all times t where solutions of p.Sj) are well 
defined. If we iterate the local well-posedness argument, we will have successive time 
intervals [T^, Tj+i] with uniformly lower bounded lengths unless 11% ||>v grows without 
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bound as we increase j. Suppose then at some time Tj we have ||%||w ^ 1 1 ""ill so 



that Aj = WrijW^. 

Since we have that p.9|) and (jl.lip hold, any growth in \\n{t) Hw as t moves through 
the time interval [Tj,Tj^i\ is due to the nonlinear influence of u upon n through the 
term L~^G{u). Therefore, an estimate of the form 

(1.12) ||L-iG(w)|Uf^,^ w < AjGdlwIUf^ ^ 

permits an iteration of the local theory. Observe that the appearance of the conserved 
S norm of u in this step suggests that we should retain this smallness property of 
the W increment of n over [Tj, Tj+i] uniformly with respect to j. We then iterate the 
local well-posedness argument 



m = O 



A^Gdl^iol 



times with time steps of uniform size A = (2||nj||>v) ^. This extends the solution to 
the time interval [Tj, Tj + mA] with 

mA = C{\\uo\\s)\\n,\\];^^'-'^. 

If 1 — P + Sp > 0, the scheme progresses to give global well-posedness for ()1.8|) . 

Implementing this abstract scheme for specific systems requires a quantification of 
the parameters (3 and S using the local-in-time theory for the system. Notice that 
one way to force 1 — /5 + 5/? > is by demanding /? < 1. But /? is always bigger than 
1. Still 1 — P + 6P > can be greater or equal to zero because of the contribution 
of 5/3 term for certain P > 1 and 6 > 0. Calculations are required to obtain the 
parameters P, 6 in any particular system. Unfortunately, we will often find that 6 is 
very close to zero. Thus the condition that 1 — P — 6P > fails to hold for many 
physical systems. Nevertheless for the Klein-Gordon-Schrodinger system the local 
well-posedness theory that we develop using the Strichartz's norms is sufficient for 
the above condition to hold. In particular we have that P = 4 and 5 = | (see the 
proof of Theorem II. 3|1 and thus 1 — P + 6P = 0. This approach cannot be used for the 
Zakharov system. The main reason is that the nonlinearity G{u) has two derivatives 
(see equation (IHH)) and the local estimates are not as generous. The idea now is to 
perform the contraction argument for p.lO|) in a ball 

where A^- = | [Tj, Tj^^^] |. This idea is implemented here through the use of the X^'^ 
spaces with b < 1/2. An easy consequence of this new iteration is that the local time 
interval A^- is larger or in other words (since A' < 1) /3 is smaller. In addition when 
we calculate the growth of the ||7^(t)||w norm, it takes more time for this norm to 
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double in size. In other words the new 5' is bigger. Thus since m' > m and A' > A 
we have a better chance to meet the requirement of 

mA > 1 I- (3 + 5(3 >Q. 

The details are explained in the proof of Theorem 11.11 

Remark 1.5. The abstract scheme described above can be applied to other evolu- 
tion systems that have common features with systems p.lj) and ()1.4|) . In particular, 
the scheme requires a satisfactory local well-posedness theory in a Banach space that 
embeds in C{[Tj,Tj^i]] S) , with \\u{t)\\s = H^^oll^ holding true, and that the nonlin- 
ear term of the second equation is independent of n. As examples we mention the 
following systems. 

The initial-value problem for the coupled Schro dinger- Airy equation 

{idtu + dlu = aun + (3\u\^u x eM.,t eM. 

dtn + din = -idM^ 
u{x, 0) = uo{x), n(x, 0) = no{x) 

This system arises in the theory of capillary- gravity waves. The local well-posedness 
theory has been successively sharpened m [T], |H], the last paper establishing local 
well-posedness for {uqjUq) G x for — | < s < and in some more regular 
spaces. In [121, Pecher proved global well-posedness using I -method techniques for the 
harder Schrddinger-KdV system where the left hand side of the second equation of 
fll.l3|l includes ndxU, with {uo,no) G H'^ x and s > | when P = 0, and also for 
s > I when (3 ^ Q by dropping down from the s = 1 setting in which conservation of 
energy yields global well-posedness. 

Our scheme also applies to the Schrddinger-Benjamin-Ono system 

{idfU + d^u = aun x eM,t 

dtn + ud,\dx\n = POM^ 
u{x, 0) = uo{x), n(x, 0) = no{x) 

with a, (3,1^ G M. This system has been studied in 2J where local well-posedness for 
uq G H'^ and uq G H'^^^ , with s > and \v\ ^ 1 is established. In particular it is 
locally well-posed for {uo,no) G x H^^^^. Pecher proved [TH| global well-posedness 
for s > 1/3 under the parameter constraints u > 0, ^ < and also proved local 
well-posedness without the restriction 7^ 1 but only for s > 0. In a forthcoming 
paper, we establish global well-posedness results for ()1.13j) and ()1.14|1 with |z/| 7^ 1 for 
{uo,no) G L2 X H-^/\ 
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2. Basic estimates for the group and Duhamel terms 

Let U (t) = e**^ denote the free linear Schrodinger group. For the Id wave equation, 
it is convenient to factor the wave operator —0"^ = {dt — d^) {dt + dx) , and work with 
"reduced" components, as was done in PU]- Low frequencies in the time-derivative 
initial data create some minor difficulties, which we address in a manner slightly 
different than was done in jTUI. Consider an initial data pair (no,Tii), and we look to 
solve {df — d1)n = such that n(0) = no, dtn{0) = rii. Split rii = rin + nm into low 
and high frequencies, and set z>(^) = ^^"^^^ , so that dxV = niu- Let 



:2.i) 



so that 



X 



W+{nQ,ni){t,x) = \nQ{x -t) - \v{x -t) + \ I riniy) dy 

Jx-t 

PX+t 

W^_(no,ni)(t,x) = |no(x + t) + |z/(x + t) + I / riiiiy) dy 

J X 

{dt±dx)W±{no,ni){t,x) = |niL(x) 
W±{nQ,ni){x,0) = \no{x) =F |z/(a;) 
dtW±{no,ni){x,0) = T^d^rio^x) + ^^^//(a;) + Irinix) 

and thus n = W+{no,ni) + W^{nQ,ni) has the desired properties. We shall also use 
the notation W{no,ni) = W+{no,ni) + W-{no,ni). Let 

G{t){no,n,) = cos[t(/ - A)i/>o + ^-^^Jf^^^^^i 

be the free linear Klein-Gordon group, so that {df + (1 — A))G(t){no,ni) = 0, 
G(0)(no,ni) = no, dtG{0){no,ni) = rii. Since our analysis involves tracking quan- 
tities whose size increments, rather than doubles, from one step to the next, it is 
imperative that we be precise about the definition of the following Sobolev norms. 
When we write the norm H'^, we shall mean exactly 



H^ = (^jii+mv{i)?dij" 



Define the norm 



\f{i)?di+ I mf{i)?di]" 



Of course, ~ Let 

/ \ 1/2 

(2-2) IK'^c'^OIIw = (^ll^ollJ^-i/2 + ||^i|l5^-3/2j 
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When working with a function of t, we use the shorthand = \\{n{t),dtn{t))\\)^. 

In our treatment of the Zakharov system, we shall track the size of the wave compo- 
nent n{t) in the above norm. Let 

(2-3) ll(^o,^i)||g = (^INollii + . 

Again, for functions of t, we use the shorthand = \\{n{t),dtn(t))\\g. In our 

treatment of the Klein-Gordon-Schrodinger system, we shall track the size of the wave 
component n{t) in the above norm. 

In our treatment of the Zakharov system, we shall need to work in the Bourgain 
spaces. We define the Schrodinger-Bourgain space Xq^, a G M, by the norm 

and the one-dimensional reduced-wave-Bourgain spaces , for a G M, as 



1/2 



Let G C^{R) satisfy tpit) = 1 on [-1,1] and ^{t) = outside of [-2,2]. Let 
ipT{t) = ip{t/T), which will serve as a time cutoff for the Bourgain space estimates. 
For clarity, we write ipi{t) = ip{t). The following two lemmas are standard in the 
subject, although we are focusing attention particularly on the exponent of T in 
these estimates. 

Lemma 2.1 (Group estimates). Suppose T < 1. 

(a) Schrodinger. ||f/(t)Mo||c(Rt;L2) = ||mo||l2. 

IfO < &i < |, then \\Mt)Uit)uo\\xs < T^^^HmoIU^. 

(Strichartz Estimates). If2<q<oo,2<r< oo, | + ^ = f ? excluding the 
case d = 2, q = 2, r = oo, then \\U{t)uo\\L^^L-^ < \\uo\\l2 

(b) 1-dWave. ||iy(t)(no,ni)||c([o,T];W.)<(l + r)||(no,ni)||w. 
//0<6<i, \\Mt)Wimno,ni)\\^w^ < T'^-%no,n^)\\w. 

(c) Klein-Gordon. ||G'(t)(no, ni) ||c(M,;g,) = || (no, ni) 

Remark 2.2. It is important that the first estimate in (jHj) and the identity in (pj) do 
not have implicit constant multiples on the right-hand side, as these estimates will he 
used to deduce almost conservation laws. The (l + T) prefactor in the first estimate of 
(jEj) arises from the low frequency terms. Had we made the assumption that rii G H^^ , 
this term could he removed and the norm W redefined so that equality is ohtained. The 
(1 + T) prefactor will not cause trouhle in our iteration since T will he selected so 
that T||(no,ni)||w functions as an increment whose size is on par with the increment 
arising from the Duhamel terms (see the proof of Theorem M . 1\ for details). 
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Proof. The Strichartz estimates quoted in ^ were established in j^U] (for a more 
recent reference, see p2])- The first assertion in (jaj) is immediate by Plancherel's 
theorem. For the second assertion in (jlj), we note that ['iljT(t)U (t)uoY\C, , r) = 
'C^)'^o(O) consequently 

\\lljTit)U{t)uo\\xS < c||V'T||/fi'i||Mo||L2 

To complete the proof of the estimate, we note that 
by scaling. 

For the first assertion in (jE)), let f{x,t) solve the linear wave equation 
(2.4) d^f -dlf = 

with initial data /(x, 0) = no{x), dtf{x,0) = ni{x). Let Ph be the projection onto 
frequencies |^| > 1, and Pl be the projection onto frequencies |^| < 1. Let D~^l'^ 
be the multiplier operator with symbol |^|~^''^. By applying D~^^^Ph to (j2.4|) . mul- 
tiplying by D'^/'^Pijdtf and integrating in x, we obtain the conservation identity 



(2.5) \\PHf{T)\\\_./. + \\dtPHf{T)\\\--./, = \\PHn4\-./. + \\PHn,\\\^,,,. 
To obtain low frequency estimates, we work directly from the explicit formula 

l-X+t 

(2.6) f{x,t) = \no{x + t) + \nQ{x-t) + \ n^{y)dy. 

Jx-t 

By applying Pl and then directly estimating, we obtain 

(2.7) \\PLfiT)U2 < \\PLno\\v^+T\\PLn,\\L2. 
After applying dt to ()2.6p . it can be rewritten as 

rx+t 

dtf{x, t) = \ j d'^noiy) dy + \ni{x + t) + \ni{x - t). 

Jx-t 

Applying Pl and then directly estimating, we obtain 

(2.8) \\PLdtf{T)\\Li < TWPlUoWl^ + WPlUiHl^ 

Combining (j2.5j) . (j2.7|) . and (|2.8|) . we obtain the claim. 

The second part of (jb)) is proved similarly to the second part of (j^. 
For (pj), let fit,x) solve 

(2.9) d^f - A/ + / = 

with initial data (/(O), 9^/(0)) = {nQ,ni). Let E be the multiplier operator with 
symbol (1 + I^P)^^^^. Apply E to ()2.9|) . then multiply by dfEf, and finally integrate 
in X to obtain the asserted conservation law. □ 
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Let 



U*Rz{t,x)= [ U{t-t')z{t',x)dt' 
Jo 



denote the Duhamel operator corresponding to the Schrodinger operator, so that 
{idt + A)U *R z{t, x) = iz{t, x), U *R z(0, x) = 0. Let 



W±*Rz{t,x) = \ I z{t — s,x^s)ds 
Jo 



so that 



[dt ± d^)W± *R z{t, x) = \z{t, x) 
W±*Rz{Q,x) = Q, dtW±*Rz{Q,x) = lz{0,x). 

It follows that if we set n = W+ *rz — W- *r z, then {d^ —d1)n = dxZ and n{0,x) = 0, 
dtn{0, x) = 0, so we define 

(2.10) W *rz = W+*rz -W.*rz. 

For the Klein-Gordon equation, let 

G*Rz{t,x) = (/_ A)i/2 z{t',x)dt' 

so that {df + (/ - A))G *rz = z,G*r z{0, x) = 0, dtG *r z{0, x) = 0. 

Lemma 2.3 (Duhamel estimates). Suppose T < 1. 

(a) Schrodinger. IfO < ci < i, then \\U *r z\\c{[o,t];LI) < T^'''''\\z\\xs_^^. 

//O < ci < i, < h, h+ci< 1, then W^jtU *r z\\xs^^ < T'-''''-''''\\z\\xs_^^ ■ 
(Strichartz Estimates). If 2 < q < oo, 2 < r < oo, ^ + 7 = f excluding the 
case d = 2, q = 2, r = 00, and similarly for q , r, then \\U *rz\\c{[o,t];L'^) + \\U *r 
^Wl'' ^ Ikllrq' ri='; where' indicates the Holder dual exponent (- + ^ = ^)- 

[0,T] ^ -Ljy yj-Lj. P P 



2 ||5;||^w± 



(b) 1-d Wave. //O < c < i, then \\W *r z\\c([o,t];W.) < ^3 
//O < c < |, < 6, 6 + c < 1, then \\iIjtW± *rz\\j^w± < T^-^-''\\z\\xw± 

(c) Klein-Gordon. \\G *r z\\c{[o,T];g^) < WzW^i „-! . 



Proof. The second assertion in each of (j^ and (jEJ is ^Uj Lemma 2.1(ii). For the 
Stricharz estimates quoted in (jsj), see [201 [12] • next establish the first part of 
We begin by establishing the bound 

(2.11) \\Mt)U *Rzix,t)\\^^^,< cT'^-'^^WfWj.s. 



Let f^{t) 
We have 
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= e**^^5(^,t), where " denotes the Fourier transform in the x- variable only. 



it)U*Rz{x,t)\\ 







Mt) 


Jo 


2.12) 


< 




f m')dt' 

Jo 



Below we shall show that for a function f{t) of the t- variable alone, we have the 
estimate 



(2.13) 



Mt) / f{t')dt' 



Assuming this, then it follows from ()2.12|) that 

\\Mt)U*Rzix,t)\\^^^, < cT^^MI ||/dl^-^i||L| = cT^ 



0,-ci 



completing the proof of (ITTT|l . Now we show TH^ . Break f{t) = /+(t) + /_(t) 
where /_(r) = X|r|<^/V) and /+(r) = /(r)- Then for /_, we have 







We compute 



and hence 



h{s)ds = {x[^t,o]*U)iO) 



1 r 

{Xl-t,o] * f+)'\(^)d(J 
/+((t) da 



2vr „ 

1 f I- e-'^" 
2^ 



Mt) I f+is)ds 
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< ||r^(Tr)|Ui 



hir) 



Li 



< 



dr 



1/2 



, |^|2-2ci 



II A 



-ci 



establishing ()2.13|) . It remains only to show continuity, i.e. that for a fixed z G ^o-d 
and each e > 0, there is 5 = 6{e, z) > such that if \t2 — ti| < S, then 

llV^rf/ *i? z{x,t2) - iJrU *R z{x,ti)\\L2 < e. 

By an e/3 argument appealing to ()2.1H1 . it suffices to establish this statement for 
z belonging to the dense class iS(M^) C Xq_^_^. However, if z G 5(R^), we have 
dt{U *R z) = z + iA{U *R z) and the fundamental theorem of calculus and (j2.1H) 
imply that 

\\U *Rz{-,t2) - U *Rz{-,ti)\\L2 < C(t2 -tl)(|k||L-L2 + \\Az\\xS ). 

The proof of the first assertion of (jEj) proceeds in analogy to the above proof, first 
establishing the bound 



\W± *R^ z\ 



-1/2 



The continuity statement is deduced by a density argument as in the previous para- 
graph, and finally the bound as stated onW *rz follows by the identity 

dtW *rz = dxW+ *rz + dxW^ *R z. 

The proof of (jcj) follows from an application of Minkowskii's integral inequality, with 
the continuity statement deduced by a density argument as in the previous paragraph. 

□ 

3. 1-D ZAKHAROV SYSTEM 

In this section, we prove Theorem ll.il We shall make use of the conservation law 
fjl.2|) to control the growth of u{t) from one local time step to the next. We track 
the growth of n{t) in the norm W defined in fj2.2|) using the estimates from the local 
theory. We now state the needed estimates from the local theory of jTU] . 

Lemma 3.1 (Multilinear estimates). 

(a) // I < 6i, Ci, 6 < I and 6 + 6i + Ci > 1, then \\n±u\\xs < ||^±|lx^'± ll^llx^ ■ 
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(b) //i < 6i,c < I and 26i + c > 1, then \\d^{uiU2)\\xw± < \\ui\\xs^ ll^2||xs^ ■ 

We remark that we can simultaneously achieve both optimal conditions b + bi + Ci = 1 
and 2bi + c = 1, for example by taking all four indices 6 = 6i = c = Ci = |. 

Proof, (jlj) is the case A; = 0, ^ = — | in (TU] Lemma 4.3, and (jE)) is the case k = 0, 
/ = — I in |10] Lemma 4.4. The assumptions 6 + Ci > |, b + bi > | for Lemma 4.3 
and 6i + c > I for Lemma 4.4 that appear in |10j are not needed and we only have 
the requirements 6 + 6i + Ci > 1 for Lemma 4.3 and 2bi + c > 1 for Lemma 4.4. The 
reason is that equation (4.30) in JU] on p. 424 is finite even if ai < | since the range 
of integration is finite^ (from to ^i/4). Because relaxing this condition is essential 
to our method, we have included these proofs in the appendix so that they can be 
examined by the reader. □ 

Proof of Theorem \l.l\ As discussed above, we can reduce the wave component n = 
n+ + n_ and recast (jLip as 




{dt ± d^)n± = ±i(9^|up + 



which has the integral equation formulation 

u{t) = U{t)uQ - ill *R [{n+ + n_)u]{t) 
n±it) = l^±(t)(no,ni) ± W± *n 

Fix < T < 1, and consider the maps As, Aw± 

(3.2) As{u, ra±) = iPtUuo + tprU *r [{n+ + n_)u] 

(3.3) Aw±{u) = iJTW±{no,n^)±iJTW± *r (dM^)- 

We seek a fixed point {u{t),n±{t)) = {As{u, n±) , A]y±{u)) . Estimating ()3.2p in X^^,^, 
applying the first estimates in Lemma 12.3^1^) and following through with 

Lemma ISHljlj) ; and estimating (j3.3p in applying the first estimates in Lemma 

2' 

I2.1tjb|l . imtjb|l and following through with Lemma imjb|l . we obtain 

I|Am/±(«)|Ix-± <T''-'Uno,n,)\\^ + T'-'-^\\u\\ls 

-1,6 0,bi 

^This comment applies in the k = 0, £ = —■^ setting but perhaps not in the general setting in 
which Lemmas 4.3,4.4 are stated. 
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and also 

\\Asiui, - Asiu2, n2±) \\xs 

< yi-fei-ciQI^^^II \\ui-U2\\xs + -n2±\\xw± IMx^^ ) 

\\Aw±{ui) - Aw±{u2)\\xw± ^T^^^^^'iWuiWxs^ +h2\\xs^ )hi-U2\\xs^ ■ 
By taking T such that 

Ti-^'^-^MkolU^ < 1, Ti-^-'^-^||«o||L^<l 

(3.4) Tl-'-'^-^^\\{n„n,)\\^<l 

(3.5) Tl-'''-^\\uo\\h<Uno,n,)U 

one obtains sufficient conditions for a contraction argument yielding the existence of 
a fixed point u G X^. , n± e X^^^ of ((SI2D-(ISIS1) such that 

' 2'" 

(3.6) <r5-^i||izo||L2, ll^illx'^i <T-^~'\\ino,n,)\\^. 

Similarly estimating ()3.2|) in C([0, T]; L^) by applying Lemmas 1231® and ()3.6p 
shows that in fact u G C([0, T]; L^). We may therefore invoke the conservation law 
fll.2|l to conclude ||m(T)||j;^2 = ||mo||l2 and thus are concerned only with the possibility 
of growth in ||n()f:)||>v from one time step to the next. Suppose that after some 
number of iterations we reach a time where ||n(t)||>v ^ Il'^(^)lli2 = ||mo||^2. Take this 
time position as the initial time t = so that ||mo||^2 <^ ||(^0;''^i)||w. Then ()3.5j) is 
automatically satisfied and by ()3.4|) . we may select a time increment of size 

(3.7) T ~ ||(no,nOIU'^^^"'"'^~"^ = ||(no,ni)|lw' 

where the right-hand side follows by selecting the optimal condition 6 + 61 + ci = 1 
in Lemma f3.ir|cij) . Since 

n = W{no,n^) + W*R {dM') 
we can apply Lemma imfE|) . IT^1|E|) and follow through with ()3.6|) to obtain 



HT)\\^ < (1 + T)||(no,ni)||w + CTi-(2^^+^)ho| 



2 

L2 



< \\{no,ni)\\w + CTm\uo\\h + l) 

where C is some fixed constant. The second line above follows by selecting the optimal 
condition 2bi+c = 1 in Lemma imfB]) . and using ()3 . 7^ to obtain T 1 1 (un . ni ) 1 1 m; < CT2 . 
From this we see that we can carry out m iterations on time intervals, each of length 
fj3.7|) . where 

(3.8) ^^4(-o,ni)IU 



TH\\uo\\h + l) 
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before the quantity doubles. The total time we advance after these m itera- 

tions, by ()3.7|) and ()3.8|1 . is 

mT ~ - — --^ 

\\U0\\l2 + 1 

which is independent of ||?7.(t)||w. 

We can now repeat this entire procedure, each time advancing a time of length 
~ (||-Uo|li2 + (independent of the size of ||n(i:)||w). Upon each repetition, the size 
of ||n(t)||w will at most double, giving the exponential-in-time upper bound stated in 
Theorem 11.11 

□ 

4. 3-D Klein-Gordon Schrodinger system 

The goal of this section is to prove Theorem 11. 31 For the Klein-Gordon-Schrodinger 
system fll.4|) . no special multilinear estimates are needed. Instead, we will work in 
standard space-time norms and use Sobolev imbedding and the Holder inequality. 

We shall use the conservation law (jl.5|) to control the growth of u{t) from one time 
step to the next and track the growth of ||?^(t)||g, where the Q norm was defined in 
()2.3|1 . by direct estimation. For expositional convenience, we restrict to dimension 
d = 3 although similar results do hold for d = 1 and d = 2. 

Proof of Theorem M.^ ()1.4j) has the integral equation formulation 

u{t) = U{t)uo + ill *R [nu]{t) 
n{t) = Git)ino,n^) + G*ni\ufm. 
Define the maps A^, Aq as 

(4.1) As{u,n) = Uuo + iU *R[nu] 

(4.2) AG{u) = G{no,ni) + G*R{\u\^). 

Let Str = L|^^Li°''^nL®g We seek a fixed point {u{t),n{t)) = {As{u, n) , Ag{u)) 

in the space \g{[0,T]; Ll) n Str] x G{[0,T];g^). Apply Lemma lOfeii) with {q,r) = 
(y, 5) for c? = 3 to obtain 

||A5(M,n)||c([o,T];L|)nstr < ||^^o||l2 + ^ \\n\\ L?g ^IM W W. 

Estimate ()4.2p in C([0, T]; and apply LemmainSfcl followed by Sobolev imbedding 
to obtain 



(4.3) ||AG(«)||c([o,T];g.) < \\ino,n,)\\g + cT'/'\\u\ 

where we estimated as: IIImPILi w-i < II|mP|Li .e/s < T^/'^ll-ulP^ lo/r,. There 
are similar estimates for the differences As{ui,ni) — As{u2,n2) and Aciui) — Ag{u2). 



IrS rl2/5 
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If T is such that 

T"^u,\\l^<1 

(4.4) TV4||(^o,r^l)||g<l 

(4.5) T^'>,\\y<\\{n,,n,)\\g 

then a contraction argument imphes there is a solution (m, n) to ()1.4|1 on [0, T] such 
that 

(4.6) ||M||c([0,T];L2)nStr < I|Mo||l2 

(4.7) \\n\\ci[,,ng.) < \\{n,,n,)\\g + cT'''\\u4l,. 

By the conservation of mass, we have ||u(t)||i2 = ||no||L2, and are thus concerned only 
with the possibility that ||^?.(t)||g grows excessively from one local increment to the 
next. Suppose that after some number of iterations ||n(i(:)||g ^ Il'^^(^)|li2 = 11^011^2. 
Consider this time as the initial time so that ||(n.o, ni)||g ^ 1 1^011^2. Then fl4.5|l is 
automatically satisfied, and by ()4.4j) . we may thus take 

(4.8) T ^ \\{n,,n,)\\g\ 

We see from fj4.7p that, after m iterations, each of size ()4.8|) . where 

\\ino,ni)\\g 



m 



J^3/4|U,J|2 



\U0\\l2 

the quantity ||?^(t)||g at most doubles. The total time advanced after these m itera- 
tions is ^ 

mT ~ - 



Wo Ilia' 



We can now repeat this entire procedure, each time advancing a time of length ~ 
||mo||^2 (independent of the size of ||?^(t)||g). Upon each repetition, the size of 11^^(^)115 
will at most double, giving the exponential-in-time upper bound stated in Theorem 
Ol 

□ 

Appendix A. Proof of the multilinear estimates (expository) 

In this section, we prove Lemma f3. 11 The material here is taken from pHl Lemma 
4.3, 4.4 with only a slight modification at one stage. This modification was described 
in a note under the heading "proof" following the statement of Lemma 13.11 Given 
its importance in our scheme, the full proof is included here in detail. 

We need the calculus lemmas: 



Lemma A.l Lemma 4.1). Let f e L'^iM.), g G L^' (R) for 1 < q,q' < oo and 

i + ^ = 1. Assume that f,g are nonnegative, even, and nonincreasing for positive 
argument. Then f * g enjoys the same properties. 
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Define 



A ifA>0 
[A]+ = <j e if A = 
if A < 

Lemma A. 2 ([E] Lemma 4.2). Let < a_ < a+ and a+ + a_ > i. Then V s G M, 



f (y - s)-'^Hy + s)- 



2a- 



dy < cisy- 



where a = 2a_ — [1 — 2a_|_]_|_. 

Proof of Lemma VJ. . We shall only do the + case. The estimate is equivalent to 



I'S'I < c||f 112111^111211^2! 



where 



(A.l) 



S 



with V = t)(^,r), vi = Vi{^i,Ti), V2 = i)2(6,^2), cti = n+^f, = r2 + a = r + ^, 
and * indicates the restriction ^1 = ^ + ^2, Ti = t + T2. Indeed, for vi E L"^, 



. Tl=T+T2 



{(^1) '''vi{^i^n)d^idTi. 



Let v{^,t) = n+{^,T){0-'^/^ay and 1)2(6,^2) = u{^2,T2){a2)^' to obtain dH}. 
We note here that 



ai - a - (72 = ri + - (r + - (^2 + ^2) 



^1-^-^2 
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In the case when |^| < 1, it suffices to estimate 

VV1V2 



Now 



6 >T1 



X,t 



-\ V 

Vl 



VV2 



-\ V 



/a=S+6 (a) 1/4(^2) 1/4+ 

Ti=T+T2 



€=6+6 ((7)1/4(^2)^/^+ 

T=Tl+T2 



d^2dT2 



(<7l)V4+^ 



H V 



V2 



(a2)V4+ 



< 





Vl 


V 






■0 


V 




^2 


V 






[(<7l)V4+J 























V 


V 






[(a)V4j 







X X (r 



+ e)V4 



dr d^ 



< 



< 



< 



(r + e)V4 



(r)V4 



dr 



by Minkowskii 



by Sobolev 



The estimate on 





V2 


V 









is obtained by interpolating halfway between '^'fii]^||L4£^oo < 11^1111,2^2 for d 

(Strichartz) and HI'OiI^IIlZl^ = ll'^^i 1 1 l^l^ • This leaves us to estimate 

^ ' J* {<jY{(TiY'{(T2Y' 

with V = v{^, r), Vl = Vi{^i, n), V2 = ^2(6, T2), (Ji = Ti + ^f, (T2 = T2 + ^i, cr = r 
and * indicates the restriction ^1 = ^ + ^2; — t + T2. 
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Region a dominant, |(t| > max(|cri|, |cr2|). 



1/2 / r / r \ / r Id \ \ 1/2 

< ( / i^n / / i^i^2p 



,2W / \i\ 



1/2 



6,<.2 (^)^^^(^2)^^^ 



(A.3) < ( sup(a)-^'' / / ^-^^J^L^rf^^rf^,) ||^||2||t;i||2||t;2||2 



The inner integral is taken over fixed a,C,,cr2- Since = ^ + we have dC,i = d^2i 
and since (Xi — (X — (72 = (^i — \Y ~ (^2 — we have 

rfai = [+2(^1 - i) - 2(6 - = 

Thus, the quantity in parentheses in ()A.3|) is bounded by 

-2b f f doida2 



sup(cr)" 



I 02 ^ cri 

< (a)-2^((T) [1-2^^1+ (a) [1-2^^] + 

< ^^Nj-26+[l-2ci] + + [l-2fei] + 

since a is dominant. If 6, Ci, 6i < |, then the exponent is 2 — 26 — 2ci — 26i, and it 
suffices to have h + ci + hi > 1. 

Region ai dominant, |o"i| > max(|cr|, |cr2|)- 

By the Cauchy-Schwarz method, it suffices to show 



(A.4) 



sup(ai)-2'=i /" j ma)-^\a2)-^'' di^da^ 



is finite. 

Subregion — || < 2|,^2 — ||- Then |,^| < 3|,^2 — ||- The inner integral over ,^2 
is taken with ai, 6, a2 fixed. Since <Ji — a — 0-2 = {^i — — — |)^, we have 
da = 2{^2 — \)d^2 and thus ()A.4|) is bounded by 

sup(ai)-2=^ / {a2)-'''da2 / 

o-i J a 2=0 Jcr=0 



<(^l) 



-2ci + [l-26i] + + [l-2b]_ 



If 6, 61 < |, then the exponent here is 2— 26i— 26— 2ci, and thus we need bi+b+Ci > 1. 
Subregion — ^| > 2|6 — ||. Since ^ = ^ — (.2, we have |^| < ||6 — ^|. Also 
1(^1 - I? < (^1 - I? - (6 - = - (72 - a < 3|ai|, and thus (6 - If < 4|ai|. 
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Thus is bounded by 



Cl,cri J (72 J £,2 



We change variables y = {C,2 — to obtain 

(A.5) sup(ei)^-^^^ T"^^'^ \yr'^' [ {a)-^\a,)-^'-da,dy. 

The inner integral over (T2 is taken with fixed y = {^2 — |)^, ^1, o^i, and thus a2 + (J 
(Ti - (^1 - - (6 - i)' = (^i- (^1 - - y is fixed. By Lemma lU 



/ {(T)-''{a2)-''' da2 < c{a, - (6 - i)' - y)"" if 61 + 6 > i 

J (72 

where a = 26- [1 - 26i]+ if 61 > 6 or = 2bi - [1 - 26]+ if 6 > 61. By Lemma OO with 
fiy) = X-(?i>2<y<(5ip(y)|l/r^/^ and g{y) = (y)-", 



sup r^'^ \y\-'^' {^i-i^i- '2)' -yy'dy 



and hence ()A.5|1 is controlled by 

sup(6)'-''=^+t'-'"^+. 

We now consider the exponent. Suppose 6,61 < | but 61 + 6 > i. Then a = 
-1 + 26 + 261. 

Case 1. a > \ <^=^ 6 + 61 > |. Then we need Ci > \. 
Case 2. a = \ ■^=> 6 + 61 = |. Then we need ci > \. 

Case 3. a < \ 6 + 61 < |. Then the exponent is 4 — 4ci — 46 — 46i, and we need 
6 + 61 + Ci > 1. 

Region a2 dominant, |cr2| > max(|cr|, |o"i|). This is analogous to the cxi dominant case, 
but we carry it out anyway. By the Cauchy-Schwarz method, need to show 

(A.6) sup(a2)-2''^ !! ma)-^\a,)-^^-da,di. 



is finite. 

Suhregion 1^2 — 5! < 2|,^i — ^l- Then |,^| < 3|,^i — \\- The inner integral over ^1 
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is taken with ai, (^2 fixed. Since <7i — a — a2 = {^i — — (.^2 — we have 



-da = 2(^1 — Thus flA.6|) is bounded by 

sup(a2)-'''^ f [{ay^'da 
< sup(a2)-''^+[^-'^^l++[^-'']+. 



0-2 



If ci, & < |, then need 61 + ci + 6 > 1. 



1)2 



Subregzon 1^ - ^ > 216 - i|. Then |e| < ||6 - ||. Also, f (6 - < (6 
(6 — = —0"! + 0" + (72 < 3|(T2| and hence — < 4|cr2|. We change variable 
y = {^1 — to obtain that ()A.6|) is bounded by 

(A.7) sup(6)'-''^ /^^'^ br'/' / rfy. 

Since -a + cxi = CT2 + - \y - - = (T2 - - + 1/ is fixed, by Lemma 

/" {a)-^\a,)-^^^da^ < {a^ - (6 " W + Z/)"" if 6 + Ci > i 

with a = 26 - [1 - 2ci]+ if ci > 6 and a = 2c - [1 - 26]+ if 6 > ci. By Lemma FO 
with f{y) = X-(6>2<j/<(6>2(l/)lz/r^^^ and ^(y) = (y)-", 



sup ii/r'/'(^2-(6-ir+i/)-"c^i/ 

(^2 Jy=~{^2y 



< / \y\~'''{yr''dy 

< (6) 

Hence flA.7|) is bounded by 

sup(6)'"''^+f'"'"^+- 
i2 

We now consider the exponent. If 6, ci < | and 6 + Ci > |, then a = — 1 + 26 + 2ci. 
Case 1. a < \ <^=^ 6 + ci < |. Then the exponent is 4 — 46i — 46 — 4ci so we need 
6 + 61 + ci > 1. 

Case 2. a = \ <^==^ 6 + ci = |. Here, we need 61 > |. 

Case 3. a > I <^==^ 6 + ci > |. Here, we need 61 > |. □ 

Proof of Lemma \3.1\ (jbj) . We show that the proof of Lemma 13.11 (jb|l is actually identi- 
cal to that of Lemma [3. II We discuss only the + case. The estimate is equivalent 
to showing 

\W\ <C\\V\\2\ 
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where 
(A.8) 



W 



with V = v{^, r), vi = Vi{^i, n), {;2(6, ^2), o" = ^ + ^, o"! = ^1 + 0"2 = ^^2 + and 
* indicates the restriction ^ = C,i — (.2, t = ti — T2. Indeed, for £> G L^, 



r=ri— r2 



Ml(6,n)M2(6,1"2) 



Set {)i(ei,ri) =Mi(ei,ri)(ori)^S 1)2(6, ^2) = ^2(6, ^2)(a2)''^ to obtain (ESI). 

We note that ()A.8|) is the same as ()A.1|) considered in the proof of Lemma 13.11 (j^ 
with b, ci in ()A.1|) replaced by c, 61, respectively. Thus, the condition 6 + 61 + ci > 1 
in Lemma 13.11 (j^ becomes c + 2bi > 1 in Lemma 13.11 (jEJ □ 
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